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ABSTRACT

A ‘frogmmmable Residue Arithmetic based multiplier is pre-
senteedin this paper. The modulo-m multipliers are imple-
ment

in pass logic. This makes the design simple, easily expandable,
and ideally suited for VLSI implementation. In addition, the
multiplier presented has single residue fault detection capabil-
ity.has single residue fault detection capability.

1 Introduction

The Residue Number System (RNS) has been receiving a lot of
attention lately, mainly because digital computational systems
structured into residue arithmetic units promise speed, modu-
larity, and hi‘gh erformance. The RNS performs the arithmetic
operations of atfdition, subtraction, and multiplication as a set
of concurrent operations. RNS-based systems are ideally suited
for VLSI implementation because of the large number of iden-
{ical modules and the absence of global interconnects in their
yout.

.. The use of RNS in a wide variety of signal processing ap-
plications has been shown to provide a substantial reduction in
both circuit complexity and design effort [4]. The inherent in-
dependence among the residue digits prevents the propagation
of an error in one residue to the other during subsequent oper-
ations. This provides a basis for fault tolerance, which is built
into the basic algebraic structure, and can be incorporated into
the hardware architecture. In addition, the non-weighted code
structure permits the addition of redundant residue digits to
provide fault detection and correction.

2 The Residue Number System

The residue number system is of particular interest in digital
systems because of the parallel nature of its arithmetic [1,2].
The theory of the residue number systems is based on a fun-
%ﬂ:ﬂ;ﬁl theorem in arithmetic called the Chinese Remainder

In RNS, an integer X is uniquely represented by an n-tuple
of integers (z1,23,...,2,), called the residue representation
of X. The integers 2;, i = 1,2,...,n are called the residues
and are obtained as the remainders when the number X is di-
vided by a set of distinct, and relatively prime integers, m;,
i=1,2,...,n, called the moduli of the residue number system.
Thus 2; = X mod m;, denoted by | X|,,,, where 0 < 2; < m;.

It follows from the Chinese Remainder Theorem that for
any given n-tuple (21,23,...,%;,...,2,) satisfying the above
relationships there exists one and only one integer X such that
0 < X < [Jym;. Hence, for a given set of moduli {m;},
i=1,2,...,n, the number of integers that can be represented
uniquely is M, where M = [], m;. The number X can be
evaluated from the n tuple (24, ...,2,) using the equation: X =
(T, "%a‘-zg) mod M, where —",%,a.' =1 mod m,.

Negative numbers can be represented by partitioning the
set of all uniquely represented integers into two sets, nega-
tive and positive. A common assignment is that all numbers
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using a set of identical multiplexer modules designed -

X; 0 < X < (M/2) -1, are considered positive and the rest
are considered negative.

A Redundant Residue Number System (RRNS) is simply a
Residue Number System with r redundant moduli [11]. RRNS
has n+r relatively prime moduli (my, M3, ..y My Mg 14 00y Mg ).
(my, ....,my,) are the non-redundant moduli, and (Mng1y ey Mntr)
are the redundant moduli. Hence a number is represented by
n+r residue digits (21,23, ...,24, ..., Zn4r ), Where (2, ey 2y ) BTE
the non-redundant residue digits and (2541, .., 24y ) are the re-
dundant residue digits. The total range [0, Mr) is divided into
(0, M) and [M, Mr), where My = [[7 m; and M = [2, m..
They are referred to as legitimate anti illegitimate ranges re-
spectively.

Each RNS is associated with a mixed radix number sys-
tem that is useful during output conversion [2]. The mixed
radix representation consists of n mixed radix digits, denoted by
(a1,a3,...,an). For each number X, the mixed radix represen-
tation is given by: X = Y°p_, ax Hf;ll m;, where 0 < a; < m;
for all i = 1,2,...,n. Here, []2_, m; is defined to be 1.

2.1 Residue Arithmetic

Since their introduction, the residue number systems (RNS)
have been considered a promising way to provide very fast arith-
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of the twonumbers. That is, X+Y = (| X |m,, | X |mgs eees [ X Ima )+
(¥ }my s 1Y Jmgyees [¥ i )

= (|2lmys|Zlms+++11ZIma) = Z, where [Z1m; = 11X lmg +Y | lm;-
KX +Y >M -1, then (|Z|m,,|Z}mys s |ZIma) = | X + Y |pg-

This produces an overflow and hence the sum modulo M is

obtained.

inidsinﬁlar manner, multiplication is done by taking the
product of the corresponding residues modulo m;. Subtraction
of Y from X can be performed by adding the negative of Y to X.
In the following discussion, only positive integers in the range
[0, M), where M = []%, m;, will be assumed. However, the
same results can be obtained for the range [(—M/2), (M/2-1)],
ie., if negative integers are also considered.

Division is a complex operation in the RNS [3]. However, if
Y is divisible by X and X is relatively prime to M, the residue
representation of Y/X = Z can be found easily.

2.2 Overflow Detection using RRNS

Determination of the magnitude of a result is not as easy in
RNS as it is in positional number systems. Hence overflows are
relatively difficult to detect. However, in RRNS overflows can
be detected by checking whether the result is legitimate or ille-
gitimate [5]. This in turn can be determined easily by a simple
mixed radix conversion. The n + r mixed radix digits corre-
sponding to the RRNS are given by: (@1,02, ...y @ny @41y ey Ot ),
where (a1,43,...,a,) are the non-redundant mixed radix digits,
and (@n41yGni2y .0y Gnypr) are the redundant mixed radix digits.
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lus, an integer X lies in the legitimate range if and only if
the redundant mixed radix digits are all zero [5). That is, if
My > m; forall j = 1,..,r and i = 1,...,,n, then, ap; = 0
for all j. Hence overflow can be detected by simply checking for
non-zero redundant mixed radix digits.

2.3 Error Detection and Correction using RRNS

For a RRNS to have error detection and correction capabil-
ity, the operands and results must be constrained to lie within
the legitimate range. Barsi and Maestrini have described a
scheme for RNS error detection by determining whether a num-
ber (21,...,2n4r) is legitimate or illegitimate“-{ﬂ. Assume a
RRNS with » > 1 and each redundant modulus larger than
each non-redundant modulus. A single residue error occurs
when a legitimate number X = (21,23, ...y Ziy 10y Zn4r ) changes
to a different number X = (24, 23,...,Fiyeesy Zn4r ), due to an
error in the ith residue digit, where i = 1,...,n + ». This num-
ber X will be an illegitimate number. Thus a single error can
be detected in exactly the same manner as an overflow, assum-
ing that an overflow does not occur simultaneously. A mixed
radix conversion is performed to determine if the result is in
the legitimate or illegitimate range. If the result is in the il-
legitimate range, the residue that is in error can be identified
and corrected provided, the RRNS has atleast two redundant
moduli, each larger than the non-redundant moduli. In order
to do this, the m;-projections of the result have to be found [7].

The m;-projection of X, denoted by X;, is defined as: X; =

(21,22, o0y Zie1, Zig1y ooy Bt )y i€y X with the i*® residue deleted.

In a RRNS with r = 2 and the moduli satisfying the earlier con-
dition, if an illegitimate number X is found such that for some
hi=1l.,nt+r, X, is legitimate, then the other projections
Xj, for j = 1,...,n + r and j # i, are all illegitimate [7]. Thus
in order to isolate the faulty residue digit it is sufficient to find
the X; that is legitimate. It is immediately apparent that the
legitimate X is the correct value X and that the error occurred
in the ** digit. Now the correct value of the residue digit z;
is the legitimate X; mod m;. Thus a single error correction is

ossible with 2 redundant moduli. The following result from
6] is a generalization of the above observation: a RRNS with »
redundant moduli will detect » errors, and correct (/2| errors,
where |z| is the largest integer such that |z] < z.

'3 RNS-based Multiplier

A modular design of a residue arithmetic multiplier suitable for
use in a large RNS-based computational system is presented in
this paper. This multiplier consists of several modulo-m mul-
tipliers operating in parallel. The design uses identical multi-
plgxer modules and is very general in the sense that the same
basic structure can be used to implement a RNS-based adder,
subtractor, or any such “two input” computational structure
with similar input range and output range. The same structure
issy ?t}zfn used to build an error detector for the whole RNS-based

The selection of proper moduli is vitally important for the
efficiency of the design. The moduli chosen in this design are 17,
19, 23, 25, and 29. The first four are the non-redundant moduli
and the last viz., 29, is a redundant modulus. All five moduli
are represented by 5 bits. Consequently, the cell sizes are all
identical, an important attribute to minimize the design effort.
At the same time, these moduli give the system a reasonably
large legitimate range. The legitimate range in this case is
[0,185725) which is approximately 17.5 bits, and the total range
is [0,5386025).

3.1 Multiplier Design

Each modulo-m multiplier is designed using multiplexer (MUX)
modules as the basic building blocks. It consists of m multiplex-
ers arranged in twolevels. The first level has (m — 1) multiplex-
ers and the second level has one. Each multiplexer has n selector

inputs and m inputs, each n bits wide where n = [log;m]. The
schematic diagram of a modulo-m multiplier is shown in Fig.
1. The multiplicand (X) and the multiplier (Y) are applied to
the selector inputs of the first and the second level multiplexers
respectively. Depending on the binary values applied to the se-
lector inputs, a particular data input is enabled to the output
of the module.
level multiplexer is connected to |0|s, = 0, since if Y = 00...0,
|XY|m is 0, whatever the value of X. When Y = 00..01, | X |,

has to be passed to the output of the multiplier. Hence the
ut of MUX 1 is connected to D; input of the second level

out
multiplexer. The data inputs of MUX 1 are programmed such
that | X |,, is enabled to its output. This means that the input to
Dy = |0|m, D3 = |1|n, and 80 on, and Dy, = |m~1|,,. Similarly,
MUX 2 will be programmed with the values corresponding to

[2X |m. This procedure is followed so that MUX m-1 would be

programmed with the values corresponding to |(m — 1)X|m.

3.2 Multiplexer Design

The multiplexer module is implemented in pass logic [8]. It
consists of a decoding logic which decodes the selector inputs,
which then enables a set of nMOS pass transistors to pass the
respective data to the output of the module. The structure
of the multiplexer for a 5 bit modulus is shown in Fig. 2.
The inputs B;;, i = 1,2,...,m and j = 1,2,...,5 have to be

programmed depending on the modulo values used, and the

position of the module in the multiplier structure.
For the first level MUX the decoding logic is the same for all
t}if modulis and hence the same decoder is used for all of them.
The second level MUXs however require a separate decoder for
each modulo-m channel. R
The decoder is designed as an nMOS pass network with
the final output buffereﬁpby an inverter. The buffer helps to
keep the signal propasation delays down, eliminates si|
terioration, and provi
table of the decoder for a modulo-25 multiplier is shown in Ta-
ble 1. This table shows which output line of the decoder is
high for each selector input combination. In this case, both the
sefector inputs and the data inputs are all 5 bits wide, since

[Iogg 25] = 5.
Mxol 3o
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Figure 1: A Modulo-m Multiplier
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s shown in Fig. 1, the input D, of the second
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es enough drive capability. The function
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Figure 2: A Multiplexer for a 5 bit Modulus

@1} 03 | 0y | ag|as | Active
ojojo]o]oO dy
¢|o0jo|oOo}1 dy
o|jojoj1]0 d
ojojof1]1 de
ojoj1|o0]o0 ds
ojof1|0|1| d
ojoj1]|1]|0 dy
0jo0j|1]1]|1 de
ol110]01}0 de
0j110]|0]1 dio
oj1j0{1f0 dy
oj1|0}1]1 dis
oj1({1(0]0 dis
0j1f1fo}1]| dy
0j11111}0 dys
oj1|1]|1]1 die
1{0j0t0jo0 diy
1{0j0|0]1 dy
110j0|1]0 dye
1(0]0[1]1 dy
1|]0]1({0]0O dn
1|]0l1}0]|1 day
1j]0j1(1]o0 das
1(oj1f1}1 dae
1/1]0(0}]0 dy

Table 1: Function Table for Modulo-25 Decoder

From the pass functions for dj thr dgs, it is noticed
that pairs of pass functions such as dyd;, dsdy, ..., d2adz4 can be
implemented as a single unit with sul stantial reduction in the
nu!:nl:ierd of pass transistors. This is illustrated in Fig. 3 for the
pair a;a3.

8.3 Simulation and Layout

Both logic simulation and circuit simulation of the MUX mod-
ules were done using SHIVA and HPSPICE respectively. The
parasitic capacitances were estimated from a layout of the modulo
m multiplier which is shown in Fig. 4. The simulation using
HPSPICE indicated a worst case delay of 160 nano seconds
through the modulo-m multiplier.

The layout was done using MOSIS 1.2 micron design rules.
It measures 1000u X 720u. The structure laid out is the most
general one so that it can be adapted for any modulo-m com-
putational structure with two 5 bit wide inputs. All modulo-m
multipliers are implemented as identical structures [10].
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Figure 4: Layout of Modulo-m Multiplier

4 Fault Detector

The two most important properties attributable to fault toler-
ance are carry-free arithmetic and the lack of ordered signif-
icance among residues. The former makes the errors remain
confined to their original residue positions, while the latter im-

lies that any erroneous residue can be discarded without af-
ﬁacting the result, provided the RRNS leaves enough range in
the reduced system to contain the result. These properties of
RRNS are used here to build hardware fault detectors.

4.1 Array Architecture

In section 2 it was pointed out that in order to detect a single
residue error, the RNS must have at least one redundant mod-
ulus that is larger than each non-redundant modulus. Then it
is sufficient to check if the result falls in the legitimate range or
not. In the remainder of this paper it is assumed that only one
residue is in error.



The design of a modular error checker for a self-checking
residue number arithmetic is given in [9). This is a simple
mixed radix converter and can be characterized as the up-
per left triangular portion of a square array. This architec-
ture is based on a recursive procedure given below. Each cell
in the array is characterised by the following recursive equa-
tion: spy14 = [(8pk — ap)mylmy for p=1,...,n+r -1, and
k=p+1,...,n+r, where s, = 22, k=1,...,n+rand
a; = 855, j=1,...,n+r. Here m;1 is the multiplicative in-
verse of m,, and is defined by the equation |m, X |;‘1—,—|m.|m. =1

The complete set of equations obtained from the recursion

above are as follows:

G =2

a3 = ((z3 — al)ml“) mod my

a3 = (((z3 — a1)my! — az)m;?) mod m,

a4 = ((((z4 — @1)m7* — @2)mz! — a3)m3?) mod my

a5 = ((((zs — a1)my" — aa)m7? — as)m3* — ag)m;") mod mg

The corresponding array realization is shown in Fig. 5. The
basic operation performed in each cell of the array can be rep-
resented by: ((u — v)m;!) mod m;.

Each cell is again designed using two levels of multiplexers.
The data inputs to the first level multiplexers are programmed
so that the proper ((u—v)m;!) mod m; is passed to the output.
The selector inputs to the first level multiplexers are all fed
with u and the selector input to the second level multiplexer is
fed with v. This is identical to the modulo-m multiplier units
described earlier. Thus the whole system (both muitiplier and
fault detector) can be implemented by the repetition of a single
module and hence is best suited for VLSI implementation.
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Figure 5: A Self Checking Mixed-Radix Converter Real-
ization

5 Conclusions

The RNS-based multiplier presented in this paper consists of 5
modulo-m multipliers and an on-line fault detector all designed
in nMOS pass logic. The complete system can be impelemented
by the repetition of a single multiplexer module, thereby reduc-
ing the design effort to a minimum. The silicon area of a single
modulo-m multiplier, estimated from its layout is 7.2 x 108um?.
The area of of the whole multiplier with an added self-checking

fault detector will be about 15 times this area. Added to this is
the area of the conversion circuitry. Even though a?l the hard-

ware can be packed into a VLSI chip, the conversion overhead
for binary-to-residue and residue-to-binary seems to be wasteful
for a multiplier. This holds for the fault detector too, despite
its self-che&i.ng property. However, these disadvantages vanish
if the modulo-m multiplier is part of a larger RNS-based sys-
tem such as a digital signal processor. The multiplier modules
presented can be used to implement any “two input” computa-
tional structure where the inputs are 5 bits wide.
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It is noticed that the hardware complexity increases expo-
nentially with the number of bits in the moduli. This is a
disadvantage when larger moduli are required. The 5-moduli
RNS considered in this paper gives a reasonably large dynamic
range without sacrificing simplicity of hardware.
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