
Solutions

Chapter 4

Problem 9

Part a

n1(x) = −(−x)
1

x

d

dx

cosx

x
= −cosx

x2
− sinx

x
.

n2(x) = −(−x)2
(

1

x

d

dx

)2 cosx

x
= −x2 1

x

d

dx

(
1

x

d

dx

cosx

x

)
= −x d

dx

(
1

x

(
−cosx

x2
− sinx

x

))

= x
d

dx

(
cosx

x3
+

sinx

x2

)
= x

(
−3

cosx

x4
− sinx

x3
− 2

sinx

x3
+

cosx

x2

)
= −3

cosx

x3
− 3

sinx

x2
+

cosx

x
.

Part b

For x� 1,

n1(x) ≈ − 1

x2
(1− x2/2)− x

x
= − 1

x2
− 1/2.

This, of course, blows up at the origin.

For x� 1,

n2(x) ≈ − 3

x3
(1− x2/2 + x4/24)− 3

x2
(x− x3/6) +

1

x
(1− x2/2)

≈ − 3

x3
+

3

2x
− 3

x
+

1

x
= − 3

x3
− 1

2x
.

This too blows up at the origin.

Problem 15

Part a

The ground state wavefunction is

ψ100 =
1√
πa3

e−r/a.

1



Hence,

〈r〉 =
1

πa3

∫ 2π

0

∫ π

0

∫ ∞
0

e−r/are−r/ar2 sin θ dr dθ dφ =
4π

πa3

∫ ∞
0

r3e−2r/adr

=
4π

πa3
3a4

8
= 3a/2.

〈r2〉 =
1

πa3

∫ 2π

0

∫ π

0

∫ ∞
0

e−r/ar2e−r/ar2 sin θ dr dθ dφ =
4π

πa3

∫ ∞
0

r4e−2r/adr

=
4π

πa3
3a5

4
= 3a2.

Part b

〈x〉 = 〈r sin θ cosφ〉 =
1

πa3

∫ 2π

0

∫ π

0

∫ ∞
0

e−r/ar sin θ cosφ e−r/ar2 sin θ dr dθ dφ = 0,

as ∫ 2π

0
cosφdφ = 0.

As the ground state is spherically symmetric,

〈x2〉 = 〈y2〉 = 〈z2〉,

and hence,
〈r2〉 = 〈(x2 + y2 + z2)〉 = 〈x2〉+ 〈y2〉+ 〈z2〉 = 3〈x2〉.

So,
〈x2〉 = 〈r2〉/3 = a2,

using the computation of part a.

Part c

ψ211 = R21Y
1
1 = −a

−3/2

2
√

6

(
r

a

)
exp(−r/2a)

(
3

8π

)1/2

sin θ eiφ

|ψ211|2 =
1

64πa5
r2 exp(−r/a) sin2 θ

〈x2〉 =

∫ 2π

0

∫ π

0

∫ ∞
0

x2|ψ211|2r2 sin θ dr dθ dφ =

∫ 2π

0

∫ π

0

∫ ∞
0

r2 sin2 θ cos2 φ |ψ211|2r2 sin θ dr dθ dφ
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=
1

64πa5

∫ 2π

0

∫ π

0

∫ ∞
0

r6 sin5 θ cos2 φ exp(−r/a) dr dθ dφ

=
1

64πa5

∫ 2π

0
cos2 φdφ

∫ π

0
sin5 θ dθ

∫ ∞
0

r6 exp(−r/a) dr

=
1

64πa5
(π)(16/15)(6!a7) = 12a2.

Problem 19

Substituting Ze2 for e2,

En(Z) = −

me

2h̄2

(
Ze2

4πε0

)2
 1

n2
=
E1(Z)

n2
,

where

E1(Z) = −

me

2h̄2

(
Ze2

4πε0

)2
 .

a(Z) =
4πε0h̄

2

meZe2
.

R(Z) =
me

4πch̄3

(
Ze2

4πε0

)2

.

Problem 22

Part a

[Lz, x] = [(xpy − ypx), x] = [xpy, x]− [ypx, x] = [x, x] py + x [py, x]− y [px, x]− [y, x] px

= −y [px, x] = ih̄y.

[Lz, y] = [(xpy − ypx), y] = [xpy, y]− [ypx, y] = [x, y] py + x [py, y]− y [px, y]− [y, y] px

= x [py, y] = −ih̄x.

[Lz, z] = [(xpy − ypx), z] = [xpy, z]− [ypx, z] = [x, z] py + x [py, z]− y [px, z]− [y, z] px = 0.
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[Lz, px] = [(xpy − ypx), px] = [xpy, px]− [ypx, px] = [x, px] py + x [py, px]− y [px, px]− [y, px] px

= [x, px] py = ih̄py.

[Lz, py] = [(xpy − ypx), py] = [xpy, py]− [ypx, py] = [x, py] py + x [py, py]− y [px, py]− [y, py] px

= − [y, py] px = −ih̄px.

[Lz, pz] = [(xpy − ypx), pz] = [xpy, pz]− [ypx, pz] = [x, pz] py + x [py, pz]− y [px, pz]− [y, pz] px = 0.

Part b

[Lz, Lx] = [Lz, (ypz − zpy)] = [Lz, ypz]− [Lz, zpy] = y [Lz, pz] + [Lz, y] pz − z [Lz, py]− [Lz, z] py

= −ih̄xpz + ih̄zpx = ih̄Ly.

Part c

[Lz, x
2] = x[Lz, x] + [Lz, x]x = 2ih̄xy.

[Lz, y
2] = y[Lz, y] + [Lz, y]y = −2ih̄xy.

[Lz, z
2] = z[Lz, z] + [Lz, z]z = 0.

Hence,
[Lz, r

2] = [Lz, x
2] + [Lz, y

2] + [Lz, z
2] = 0.

[Lz, p
2
x] = px[Lz, px] + [Lz, px]px = 2ih̄pxpy.

[Lz, p
2
y] = py[Lz, py] + [Lz, py]py = −2ih̄pxpy.

[Lz, p
2
z] = pz[Lz, pz] + [Lz, pz]pz = 0.

Hence,
[Lz, p

2] = [Lz, p
2
x] + [Lz, p

2
y] + [Lz, p

2
z] = 0.
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Part d

As r2 and p2 are spherically symmetric, their commuting with Lz means they commute with Lx
and Ly as well. Hence,

[Lx, r
2] = [Ly, r

2] = [Lz, r
2] = [Lx, p

2] = [Ly, p
2] = [Lz, p

2] = 0.

If V is a function of r alone, the above result means

[Lx, V ] = [Ly, V ] = [Lz, V ] = 0.

Also, as (p2/2m) is a function of p2 alone, the above result means

[Lx, (p
2/2m)] = [Ly, (p

2/2m)] = [Lz, (p
2/2m)] = 0.

Then, it follows that
[Lx, H] = [Ly, H] = [Lz, H] = 0.

Hence,
[L2, H] = [L2

x + L2
y + L2

z, H] = [L2
x, H] + [L2

y, H] + [L2
z, H] = 0.

Problem 25

Part a

Note that Y l
l is Y m

l with m = l (its maximum value) So, an operation by L+ cannot raise the m
value any further. hence,

L+Y
l
l = 0

Part b

The above equation gives (
∂

∂θ
+ i cot θ

∂

∂φ

)
Y l
l = 0. (1)

However, as LzY
l
l = h̄lY l

l and Lz = −ih̄∂/∂φ,

∂Y l
l

∂φ
= ilY l

l .

This gives,
Y l
l = Θ(θ)eilφ, (2)

where Θ(θ) is, so far, an undetermined function of θ. Substituting equation 2 in equation 1, we get

dΘ

dθ
− l(cot θ)Θ = 0.
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or,
dΘ

Θ
= l cot θ dθ

Integrating gives,
ln Θ = ln(sin θ)l + lnA.

Hence,
Θ = A(sin θ)l

So, from equation 2,
Y l
l = A(sin θ)leilφ

Part c

1 =

∫ 2π

0

∫ π

0
(Y l
l )∗Y l

l sin θ dθ dφ = |A|2
∫ 2π

0

∫ π

0
sin2l θ sin θ dθ dφ

= 2π|A|2
∫ π

0
sin2l+1 θ dθ = 2π|A|2 2l

2l + 1

∫ π

0
sin2l−1 θ dθ

= 2π|A|2 2l(2l − 2)

(2l + 1)(2l − 1)

∫ π

0
sin2l−3 θ dθ

= · · · = 2π|A|2 2l(2l − 2) · · · 2
(2l + 1)(2l − 1) · · · 3

∫ π

0
sin θ dθ = 2π|A|2 2l(2l − 2) · · · 2

(2l + 1)(2l − 1) · · · 3
(2)

= 4π|A|2 2l(2l − 2) · · · 2
(2l + 1)(2l − 1) · · · 3

= 4π|A|2 (2l(2l − 2) · · · 2)2

(2l + 1)!
= 4π|A|2 (2ll!)2

(2l + 1)!
.

Hence,

A =
1

2l+1l!

√
(2l + 1)!

π
.

Problem 27

Part a

The distance of mass m1 from the center of mass is

r1 =
m2a

m1 +m2
,

and the distance of mass m2 from the center of mass is

r2 =
m1a

m1 +m2
.

6



As the angular speed ω is the same for both masses, their total angular momentum magnitude is

L = m1r
2
1ω +m2r

2
2ω =

m1m2a
2ω

m1 +m2
= Iω.

The total energy of the two masses is

E =
1

2
m1(r1ω)2 +

1

2
m2(r2ω)2 =

1

2
Lω =

1

2I
L2,

using the equation above.

So, the quantum hamiltonian is

H =
L2

2I
.

As the eigenvalues of L2 are h̄2n(n+ 1) with n = 0, 1, 2, . . ., the energy eigenvalues are

En =
h̄2

2I
n(n+ 1), n = 0, 1, 2, . . . .

Part b

The eigenfunctions must be the same as those of L2 – the spherical harmonics Y m
n (θ, φ). The

degeneracy must also be the same – (2n+ 1).

Part c

Consider two adjacent levels with n = j and n = j − 1. Their energy difference is

∆E = Ej − Ej−1 =
h̄2

2I
(j(j + 1)− (j − 1)(j − 1 + 1)) =

h̄2

2I
(2j) =

h̄2j

I
.

The photon frequency is related to the energy difference as

νj = ∆E/h =
h̄j

2πI
.

Problem 29

Part a

[Sx, Sy] =
h̄2

4

[(
0 1
1 0

)(
0 −i
i 0

)
−
(

0 −i
i 0

)(
0 1
1 0

)]

=
h̄2

4

[(
i 0
0 −i

)
−
(
−i 0
0 i

)]
=
h̄2

2

(
i 0
0 −i

)
= ih̄Sz.

Similarly, the others can also be shown.
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Part b

σxσx =

(
0 1
1 0

)(
0 1
1 0

)
=

(
1 0
0 1

)
= 1,

where “1” represents the identity matrix. Similarly,

σyσy = σzσz = 1.

σxσy =

(
0 1
1 0

)(
0 −i
i 0

)
= i

(
1 0
0 −1

)
= iσz.

Similarly,
σyσz = iσx, and σzσx = iσy.

Also,
σyσx = −iσz, σzσy = −iσx, and σxσz = −iσy.

Then, from the defined properties of the Levi-Civita symbol,

σjσk = δjk + i
∑
l

εjklσl.

Problem 30

Part a

1 = |A|2
(
−3i 4

)( 3i
4

)
= 25|A|2.

Hence,
A = 1/5.

Part b

〈Sx〉 = |A|2 h̄
2

(
−3i 4

)( 0 1
1 0

)(
3i
4

)
= |A|2 h̄

2

(
−3i 4

)( 4
3i

)
= 0.

〈Sy〉 = |A|2 h̄
2

(
−3i 4

)( 0 −i
i 0

)(
3i
4

)
= |A|2 h̄

2

(
−3i 4

)( −4i
−3

)
= |A|2 h̄

2
(−24) = −12h̄

25
.

〈Sz〉 = |A|2 h̄
2

(
−3i 4

)( 1 0
0 −1

)(
3i
4

)
= |A|2 h̄

2

(
−3i 4

)( 3i
−4

)
= |A|2 h̄

2
(−7) = −7h̄

50
.

8



Part c

As
σ2x = σ2y = σ2z = 1,

we see that,

S2
x = S2

y = S2
z =

h̄2

4
1,

“1” being the identity matrix. Hence,

〈S2
x〉 = 〈S2

y〉 = 〈S2
z 〉 =

h̄2

4

This gives,

σ2Sx
= 〈S2

x〉 − 〈Sx〉2 =
h̄2

4
.

σ2Sy
= 〈S2

y〉 − 〈Sy〉2 =
h̄2

4
−
(

12h̄

25

)2

=
49

2500
h̄2.

σ2Sz
= 〈S2

z 〉 − 〈Sz〉2 =
h̄2

4
−
(

7

50

)2

h̄2 =
576

2500
h̄2.

Hence,

σSx =
h̄

2
, σSy =

7h̄

50
, σSz =

12h̄

25
.

Part d

σSxσSy =
h̄

2

7h̄

50
=
h̄

2
|〈Sz〉|.

σSyσSz =
7h̄

50

12h̄

25
≥ h̄

2
|〈Sx〉| = 0.

σSzσSx =
12h̄

25

h̄

2
=
h̄

2
|〈Sy〉|.

Problem 34

For spin 1, the possible values for m are: −1, 0, 1. Hence, the three basis states are:

χ+ = |1, 1〉, χ0 = |1, 0〉 χ− = |1,−1〉.

With these as bases, their spinor notation is given as follows.

χ+ =

 1
0
0

 , χ0 =

 0
1
0

 , χ− =

 0
0
1

 .
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The eigenvalues of S2 are expected to be the same for the above three eigenstates: 2h̄2. Hence,

S2χ+ = 2h̄2χ+, S2χ0 = 2h̄2χ0, S2χ− = 2h̄2χ−.

Let S2 be written as the following matrix.

S2 =

 a11 a12 a13
a21 a22 a23
a31 a32 a33


Then the first eigenvalue equation above gives,

S2 =

 a11 a12 a13
a21 a22 a23
a31 a32 a33


 1

0
0

 = 2h̄2

 1
0
0

 .
This gives,

a11 = 2h̄2, a21 = 0, a31 = 0.

Similarly, the other two eigenvalue equations give,

a12 = 0, a22 = 2h̄2, a32 = 0, a13 = 0, a23 = 0, a33 = 2h̄2.

Hence,

S2 = 2h̄2

 1 0 0
0 1 0
0 0 1

 .
Next, we look at the following three eigenvalue equations.

Szχ+ = h̄χ+, Szχ0 = 0, Szχ− = −h̄χ−.

A derivation similar to that of S2, gives,

Sz = h̄

 1 0 0
0 0 0
0 0 −1

 .
For the operators S+ and S−, equation 4.136 of the textbook gives

S+χ+ = 0, S+χ0 =
√

2h̄χ+, S+χ− =
√

2h̄χ0.

S−χ+ =
√

2h̄χ0, S−χ0 =
√

2h̄χ−, S−χ− = 0.

A similar evaluation method as for S2 and Sz gives

S+ =
√

2h̄

 0 1 0
0 0 1
0 0 0

 , S− =
√

2h̄

 0 0 0
1 0 0
0 1 0

 .
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Hence,

Sx =
1

2
(S+ + S−) =

h̄√
2

 0 1 0
1 0 1
0 1 0

 ,
and

Sy =
1

2i
(S+ − S−) =

h̄√
2

 0 −i 0
i 0 −i
0 i 0

 ,

Problem 35

Part a

The eigenstate of Sx for the eigenvalue h̄/2 is

χ
(x)
+ =

1√
2

(
1
1

)
.

Hence, the probability of measuring h̄/2 for the x spin is

|χ(t)†χ
(x)
+ |2 =

1

2
| sin(α/2)eiγB0t/2 + cos(α/2)e−iγB0t/2|2 =

1

2
(1 + sin(α) cos(γB0t)).

The eigenstate of Sy for the eigenvalue h̄/2 is

χ
(y)
+ =

1√
2

(
1
i

)
.

Hence, the probability of measuring h̄/2 for the y spin is

|χ(t)†χ
(y)
+ |2 =

1

2
|i sin(α/2)eiγB0t/2 + cos(α/2)e−iγB0t/2|2 =

1

2
(1− sin(α) sin(γB0t)).

The eigenstate of Sz for the eigenvalue h̄/2 is

χ
(z)
+ =

(
1
0

)
.

Hence, the probability of measuring h̄/2 for the z spin is

|χ(t)†χ
(z)
+ |2 = | cos(α/2)e−iγB0t/2|2 = cos2(α/2).
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