Solutions
Chapter 3
Problem 2
Part a
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/ ’f($)|2dx = / ¥ dy = (1- 02u+1)_
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This is finite for (2v + 1) > 0, that is v > —1/2. For v < —1/2, the integral blows up. For
v=-1/2,

1 9 11 1
/ |f(z)] d:n:/ —dz = Inz|, = oco.
0 0

Hence, the given function is in Hilbert space if v > —1/2.

Part b

From the above result, f(z) is in Hilbert space for v = 1/2. The function zf(z) = 232, is also

in Hilbert space as seen from above. However, df (z)/dz = x~'/2/2 is not in Hilbert space as seen
above.

Problem 4

Part a

Let Q and R be two hermitian operators and their sum be
S=Q+R.
Then, for all f(z)
(180 = [ 187 do = [ 1@+ Ryfde= [ FQfdu+ [ 1 Rido
= /(Qf)*f dx + /(Rf)*f dz, (using the hermiticities of Q and R)

= [(@+Bypysde = [(S)1de = E11P).

Hence, S is hermitian.



Part b

Let,

R= oz@.
Then,
SIRD = [ FRfde= [ faQide=a [ FQfdn

=« /(Qf)*f dz, (using the hermiticity of Q)
= /(a*@f)*fdac = /(a@f)*fdx, (if v is real).
= [(Rey sz = (Ro1P)
Hence R is hermitian if « is real.
Part c

Let Qand R be two hermitian operators and let

S =QR.

Then,
(189) = (FIQRS) = [ £ QR do

= /(Qf)*f%f dx = /(RQf)*f dz, (using the hermiticities of Q and then R)
— [@Rpyfde. (it QR = FQ).
= [(8p71dz = (3111).
Hence S is hermitian if QR = RQ

Part d

(flzf) = /f*l“f dr = /(fb“f)*f dr, (as z is real)
=(Zf|f).

Hence, % is hermitian. Similarly, it can be shown that any function of & is also hermitian and
hence, V(z) is hermitian.



Equation 3.19 of the textbook shows that p is hermitian. Hence, from the result of part c
above, p? must also be hermitian. As (1/2m) is real, part b above says that $?/2m is hermitian.
But, this is the same as ((—h2/2m)d?/dz?). As V(z) is also hermitian, the sum

N h? d?
==z TV,

must also be hermitian as derived in part a.

Problem 5

Part a

As x is real,

(flag) = [ Fagds = [(@f)gds = (@flg).

Hence, o
(flig) = [ frigda = [(=if)'gdz = (=iD)lg)
Hence,
it = —i.
o) = [ rar=roe- [~ Tgar=o- [~ Ly
=Lt v = (i)l

Hence, , ]

(&) =&
Part b

(QR)'flg) = (fI(QR)g) = (fIQ(Rg)) = (Q'f|Rg) = (RTQ f|g).

Hence,

(QR)" = RTQ".
(Q+R)'flg) = (fl(Q+ R)g) = (fQg) + (f|Rg) = (QT flg) + (R f|g) = ((QT + R") f1g).
Hence,
Q+R) =0+ R
Q)1 flg) = (1(cQ)g) = [ F*(eQlgdr = [ 1*Qgdz=c [T gdo = [ @11y gdz = Q! flg)
Hence,

(cQ)f = Q"

3



problem 7

Part a

Qf =qf, and Qg = qg.
So for the linear combination
h=af + By,
Qh = Q(af + Bg) = aQf + BQg = aqf + Bag = a(af + Bg) = qh.

Hence, h is an eigenfunction of Q with the eigenvalue gq.

Part b

d? d?
@f =2 exp(z) = exp(z) = f.
Hence the eigenvalue for f is 1.
d? d?
a2 " da?
Hence the eigenvalue for g is also 1. Let the two linear combinations be

hi =a1f+big, and ho = asf + bag.

exp(—z) = exp(—z) = g.

Then the orthogonality condition is
1 1 1 1 1
0= / hihg dx = ajas / exp(2z) dx + biby / exp(—2x) dx + ajbs / dx + bias / dx
-1 ~1 ~1 ~1 -1

= (ajaz + b1by) sinh(2) 4 2(ajby + bjasz)
This condition can be satisfied an infinite number of ways. One simple choice would be
a1:a2:b1:—b2:1.

Then,
hi=f+g, and hy=f—g.

Problem 10

The ground state of the infinite square well is

1 = \/zsin(mv/a).

Operating it with the momentum operator gives

s — _indL _ \FW
pyYn = —ih dr = ih aacos(waj/a).

As the above result cannot be written in the form pi1, 11 is not an eigenfunction of momentum.



Problem 13

1 ©
d(p,t) = / e~ /My (1 1) da
R I
1 SR
D*(p,t) = / P Iy (2! 1) da!
0P 1 o0 :
Rl —sz/h\Ij
ih o \/%/_OO xe (x,t) dx
Hence,
/oo o (zha> O dp = L /oo /OO /oo Py (o e P M (2, t) da’ da dp
. op 27h J—o0 J—00 J -0 ’ ’
_ L > o Ly ! /oo ipx’ [k —ipz/h
=5 /_Oo/_OO\II (', t)x¥(x,t) dx’ dox _ooe e dp
_L T / /OO ip(z’'—z)/h
=5 /_OO/_OO\I’ (2", t)x¥(x,t)dz’ dx _ooe dp
— L o > *x 0 / /I
=5 [m /—oo\ll (2", t)x¥(x,t) dx’ de(2mho(x’ — x))
= / U*(z,t)zV(x,t) de = (x).
Problem 14
Part a
A4+ B,0] = (A+ BYC— C(A+ B) = AC+ BE — G- B
= (AC - CA)+(BC - CB) = [A,C] + [B,C]
[AB’, C] = ABC — CAB = ABC — ACB+ ACB — CAB
_ Q(BC — CB)+ (A6 - CA)B = A[B,6] + [4.6] B
Part b

Using an arbitrary test function f,

1S = a"pf—p(a" ) = —in (s L — 2@y} = —in (L

dr dzx dzx

Hence,
[z™, p] = ihna" L.
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i
dr

nm”_1f> = ihna" L f.



Part ¢

Let -
flx) = Z a;xl.
=0

Then, using the results of part a,

[f(x)aﬁ]: Zajl'],ﬁ :Zaj[x]7ﬁ]
j=0 j=0
Then using the result of part b,

N e i avem d o d & - df
[f(x),p] = zhjz:;]aj]xj 1 :zhjz:(:)ajdxx] :zhdsz:%ajx] :zh%.



