Solutions
Chapter 3

Problem 1

Consider a charge ¢ placed inside the sphere of radius R at a distance z from the origin along the
z axis (z < R). Then,
r = zz.

Converting rectangular to spherical polar coordinates for the surface element shown,
¥’ = Rsinf cos ¢x + Rsin 0 sin ¢y + R cos 0z,
2=7—7' = —Rsinf cos px — Rsinfsin ¢y + (2 — Rcos)z.
Hence,

2= (R%sin®0 cos? ¢ + R?sin® Osin® ¢ + 2% + R? cos? § — 2Rz cos 0)/? = (R? + 2% — 2Rz cos 0)'/?,
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The ¢ integral gives
2
do = 2.
0



Using the substitution v = (R2 4 22 — 2Rz cos0)/2, the 0 integral gives
g
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as z < R.

Hence,

So, irrespective of the actual position of the charge, the above equation gives the average
potential due to it on the sphere as long as it is inside the sphere. That makes the total contribution
of all charges inside the sphere to the average to be

_ Qenc

Vav = dregR’

The contribution of external charges has already been found to be Vi epter. So the average potential
on the sphere due to all charges (inside and outside) is

Qenc

Vav = ‘/center + 47’['60R

Problem 13
In this case,

a a/2 a
Co=2 ["Vaty)sintamy )iy = 2 [ | Vo) sin(omy/ayay + | ,Volw)sin(rmy/a)dy,

a/2 a 2
_2 [Vo/ sin(nmy/a)dy — Vo/ sin(mry/a)dy,] = ﬁ[1 — 2cos(nm/2) + cos(nm)]
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{ 80 - if p=2,6,10,...

0, otherwise .
Hence,
% 1
V(z,y) = Yo Z —e "™/ sin(nry /a).
T p=2610,."
Problem 19

Using trigonometry,
Vo = k cos(30) = 4k cos® § — 3k cos 6.



As this has only odd powers of cosf up to a power of 3, it can be written as a linear combination
of Pi(cos®) and Ps(cos@). Hence, let

4ka® — 3kx = akPi(z) + bkP3(z),

where 2 = cos @ and a and b are constants yet to be determined. As z3 appears only in P3 with a
coefficient of 5/2,
4 =5b/2, and hence, b=38/5.

Then, from the last equation,

8 12
42 — 3z = aPy(z) + 5P3(3:) = ax + 423 — -
Hence,
a=—3/5,
and sk 3k
Vo = EPg(cos 0) — gPl(cos 0).
This means 1
V(R,0)=Vp = 5(8P3(cos 0) — 3P (cosh)) (1)

So, the potential inside (r < R) is

V(r,0) = g

3
(%’Pg(cos ) — %Pl(cos 9)> .

Writing it in terms of cos 6 gives

k[ 20r® 127°
V(r,@):E)I%(gZ cos® ) — Rz 0030—37’0059).

Using equation 1 for points outside (r > R) gives

k (8R! 3R?
V(r,6) = = <T4P3(cos 0) — TTpl(COS 9)) :
Writing it in terms of cos 6 gives
kR? (20R? . = 12R? 3
V(r,@):5< 3 cos 60— o cosH—T—ZCOSQ :



